NONCOMMUTATIVE CARTAN SUB-ALGEBRAS 
OF C*- ALGEBRAS 



R. Exel* 



J. Renault has recently found a generalization of the caracterization of C*-diagonals 
obtained by A. Kumjian in the eighties, which in turn is a C*-algebraic version 
of J. Feldman and C. Moore's well known Theorem on Cartan subalgebras of von 
Neumann algebras. Here we propose to give a version of Renault's result in which 
the Cartan subalgebra is not necessarily commutative [sic]. Instead of describing 
a Cartan pair as a twisted groupoid C*-algebra we use N. Sieben's notion of Fell 
bundles over inverse semigroups which we believe should be thought of as twisted 
etale groupoids with noncommutative unit space. En passant we prove a theorem on 
uniqueness of conditional expectations. 



1. Introduction. 

Building on work by Feldman, Moore [4,5] and Kumjian [10], Renault has recently in- 
troduced a natural notion of Cartan subalgebras of C*-algebras [13]. If B is a Cartan 
subalgebra of the C*-algebra A, Renault proved the existence of an essentially principal 
etale groupoid G(B) and a 2-cocycle S(-B), respectively called the Weyl groupoid and 
the Weyl twist, such that A is isomorphic to the reduced twisted groupoid C*-algebra 
C*(G(B), £(£?)), in such a way that B is carried onto the algebra of continuous functions 
vanishing at infinity on the unit space of G(B). In other words, this gives a caracteriza- 
tion of Cartan subalgebras in the context of C*-algebras paralleling Feldman and Moore's 
caracterization of Cartan subalgebras of von Neumann algebras. 

Among the important consequences of Renault's work is the fact that the conditional 
expectation from a C*-algebra to a Cartan subalgebra is unique [13:5.7]. Uniqueness 
of conditional expectations is a common and useful phenomenon in the theory of von 
Neumann algebras and it holds whenever the von Neumann subalgebra B of the von 
Neumann algebra A satisfies B' n A C B. See [15: IX. 4. 3]. 

Renault's result on uniqueness of conditional expectations may thus be considered 
as a version of this well known result, but the requirement that B be a maximal abelian 
subalgebra (one of the conditions for B to be a Cartan subalgebra) is way stronger than 
B' n A C B. Incidentally notice that B is a maximal abelian subalgebra of A if and only 
if the following two conditions hold: 

(Max) B'nACB, and 

f Ab) B is abelian. 
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Thus, if one is hoping for a direct generalization of the von Neumann uniqueness of condi- 
tional expectations mentioned above to the context of C*-algebras, Renault's result should 
be strengthened by removing condition (Ab) above from the hypotheses. 

Unfortunately this is impossible. If A = C([0, 1]) <g> /C, where K, is the algebra of 
compact operators on an infinite dimensional Hilbert space, and B = 1 <g> /C, then the 
pair (A, B) satisfies Renault's axioms of Cartan pairs except that, in place of maximal 
abeliannes, only axiom (Max) holds. Nevertheless conditional expectations abound as 
each probability measure on [0, 1] gives, by means of integration, a different conditional 
expectation from C([0, 1]) ® K, to 1 ® K,. 

However the validity of (Max) in this example sounds fishy: B' H A = {0}, so it is 
contained in B alright but, not far outside A one does find virtual commutants of B not 
belonging to B, such as any element of the form / <g> 1. Technically speaking, what we 
mean by a virtual commutant (Definition (9.2)) for an inclusion " B C A n of C*-algebras 
is a -B-bimodule map 

ip : J — > A, 

where J is a closed two-sided ideal of B. If a e B' fl A and J is any ideal in B, then 
<p(x) = ax, gives an example of a virtual commutant defined on J. Hence these should be 
thought of as generalized elements of B' fl A. 

However not every virtual commutant is of this form. In the above example in which 
B = 1 <g) K. and A = C([0, 1]) <g) /C, let / be a non-constant function and put 

<p(l <S> x) = f <S> x, Vi G /C. 

Then ip is a virtual commutant defined on J = B, but it is not of the elementary form 
above. One may then replace (Max) above by the following stronger axiom: 

(Max') the range of every virtual commutant is contained in B, 

in which case our badly behaved example will be knocked out. This replacement is not 
at all a drastic departure from tradition since (Max'+Ab) is equivalent to (Max+Ab), and 
hence to maximal abeliannes. See (9.8) for a proof of this statement. 

We thus propose to reformulate Renault's definition of Cartan subalgebras [13: Defi- 
nition 5.1] by replacing maximal abeliannes with (Max') above, without requiring (Ab). 

I am well aware that Cartan subalgebras, wherever they have been considered, have 
always been assumed to be abelian algebras. So our use of this term to refer to noncommu- 
tative subalgebras might sound slightly heretic. But since we shall provide generalizations 
of well known classical results for Cartan subalgebras, we hope our heresy will be forgiven. 

Assuming that (A, B) is such a generalized Cartan pair, and that A is separable, we 
prove in Theorem (12.3) that the conditional expectation onto B is unique, thus extending 
Renault's result [13: 5.7]. 

Our second main contribution is to generalize Renault's version of Feldman and 
Moore's Theorem [13: 5.6] but, since B may be noncommutative, one would not expect to 
get a groupoid model of it. Instead we use Sieben's (unpublished) notion of Fell bundles 



NONCOMMUTATIVE CARTAN SUB-ALGEBRAS OF C*- ALGEBRAS 



3 



over inverse semigroups, which we believe should be thought of as twisted etale groupoids 
with noncommutative unit space. 

Recall that if Q is an etale groupoid, then the set of open bisections forms an inverse 
semigroup &. If for every U in & we let Ajj be the set of elements in C*(Q) supported in U, 
then A = {Ajj} Ue Q is a Fell bundle over & whose cross-sectional C*-algebra is isomorphic 
to C*(Q): although Theorem (8.9) in [3] is stated in a slightly different language, this is 
precisely what it means. Even if this result does not involve twists, in all likelihood it may 
be proved for twisted groupoids as well. 

Our second main result, Theorem (14.5), shows that, given a separable generalized 
Cartan pair (A, B), there exists a Fell bundle over a countable inverse semigroup & whose 
reduced cross-sectional C*-algebra is isomorphic to A in such a way that B corresponds 
to the restriction of the bundle to the idempotent semilattice of &. 

In a sense our result is not as complete as Renault's and its predecessors since we go 
only as far as identifying the appropriate Fell bundle. In the commutative case (i.e. when 
B is commutative) these results could perhaps be interpreted as further digging into the 
structure of the Fell bundle and describing it by means of a twisted groupoid. Of course 
this task is not feasible when B is non-commutative, but perhaps there is more to say 
about our Fell bundle than presently meets our eyes. 

Let us now briefly discuss the methods used to prove our main results. While Renault's 
strategy is to first find the groupoid model and then use it to prove the uniqueness of 
conditional expectations, we do things in the opposite order. 

Starting with a C*-algebra inclusion 11 B C A", we say that a slice (Definition (10.1)) 
is a closed linear subspace of the normalizer of B in A which is invariant under left and 
right multiplication by elements of B. 

Under suitable hypotheses every slice M satisfies M*M C B so it may be thought 
of as Hilbert B-module, with inner product (m, n) = m*n. In particular we may use 
Kasparov's stabilization Theorem to prove the existence of a frame, namely a sequence 
{ui}ie¥S of elements in M such that 

m = Ui (ui, m) , Vm£ M. 

Experimenting with variants of the notion of Jones- Watatani index for conditional expec- 
tations [8,16], we thought of analyzing the series 

oo 
i=l 

where P is a conditional expectation onto B. Surprisingly it converges in the strict topology 
of the ideal R(M) := MM* C £?, as proved in Lemma (11.5). Since the Jones- Watatani 
index is central [16: 1.2.8] it is perhaps not surprising that r lies in the center of the mul- 
tiplier algebra of R(M). We moreover prove the following curious and highly meaningful 
identity: 

rmn* = P(m)P(n*), Vm,neM. 
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One of its consequences is that ||P(m)|| = 1 1 x / 2 rr7. 1 1 , for every to in M, and hence the 
correspondence 

P(m) I— > r 1 / 2 ?™ 

extends to an isometric map which turns out to be a virtual commutant defined in the 
ideal P{M). Assuming (Max') we therefore deduce that r x l 2 m G B, for every to, which 
puts us just a few steps away from the proof of the uniqueness of conditional expectations. 

The machinery developed to prove this result may then be used to achieve the decom- 
position of a generalized Cartan pair (A, B) via a Fell bundle. One proves without much 
difficulty that the set &a,b of all slices forms an inverse semigroup (Proposition (13.3)), 
and then the Fell bundle comes naturally by setting Am = M, for every M e &a,b- 

This paper is divided in two parts, the first one, comprising sections (2-8), is designed 
not only to explain Sieben's theory of Fell bundles over inverse semigroups (sections (2-3)), 
but also to define the reduced cross-sectional C*-algebra and to prove that the fibers of the 
bundle are faithfully represented. The work in doing so is considerable because, unlike the 
theory of Fell bundles over groups, there is no readily available conditional expectation, a 
useful tool for constructing regular representations in other contexts. 

In order to overcome this difficulty we begin in section (4) to study the much sim- 
pler case of Fell bundles over semilatices, i.e. inverse semigroups consisting of idempotent 
elements. In sections (5-8) we then develop a machinery designed to extend states from 
the cross-sectional algebra of the bundle restricted to the idempotent semilattice up to 
the whole cross-sectional algebra. These extended states are then used to get nontrivial 
represent at ions . 

Part two, comprising sections (9-14), is where we prove our main results. We begin 
with Section (9) by introducing and studying our notion of virtual commutants. Theorem 
(9.5), one of the main results of this section, gives a concrete model for these gadgets, 
stating that every virtual commutant is in fact represented by an element which commutes 
with the subalgebra B, although it lives outside of A. Not all of the results proved in 
this section are used towards our main results but they are included in the hope that the 
notion of virtual commutant might find applications elsewhere. 

In section (10) we study slices and in section (11) we prove the strict convergence of 
the series describing r above and develop its consequences. Section (12) starts with our 
proposed generalization of the notion of Cartan subalgebras and is where our Theorem 
(12.3) on uniqueness of conditional expectations is to be found. 

In section (13) we construct the inverse semigroup and the Fell bundle from a gener- 
alized Cartan pair which will be used in the next and final section to provide our general- 
ization (Theorem (14.5)) of Renault's version of Feldman- Mo ore's Theorem. 
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PART ONE 



Fell bundles over inverse semigroups and 
their cross-sectional c *- algebras 



2. Fell bundles over inverse semigroups. 

In this section we introduce the notion of Fell bundles over inverse semigroups, which is the 
main object of interest in this work. This is essentially the same as Sieben's homonymous 
notion introduced in a talk given in the Groupoid Fest, held at Arizona State University 
in November 1998, with the title 'Fell bundles over inverse semigroups and r-discrete 
groupoids". We thank Sieben for giving us access to his unpublished work which we 
describe here with some small modifications. 

Throughout this section we let S be an inverse semigroup, whose idempotent semilat- 
tice will be denoted by E(S). We refer the reader to [11] for a comprehensive account of 
the theory of inverse semigroups. 

2.1. Definition. A Fell bundle over S is a quadruple 



where, for each s,t G S, 

(a) A s is a complex Banach space, 

(b) fi Sjt : A s <g> A t — > A st is a linear map, 

(c) star s : A s — > A s * is a conjugate-linear isometric map, and 

(d) jt, s '■ A s A t is a linear isometric map for every s < t. 

It is moreover required that for every r,s,t G S, and every a G A r , b G A s , and c G A t , 

(i) IJL r s,t{ll>r,s{ a ® h ) ® C ) = f^r,st(a <S> Hs,t( b ® C )) » 

(ii) star rs ( / u rjS (a <g> 6)) = /U s * )7 -* (star s (6) ® star r (a)), 

(iii) star s * (star s (a)) = a, 
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(vi) Hr*, r (star r (a) ® a) > 0, in S r * r , 

(vii) if r < s < t, then j t , r = jt,s ° js,r, 

(viii) if r < r', and s < s', then the diagrams 

A r ® ^4 S -> ^4rs ■ ^ ^4s* 

3r',r®3 a ', s i [j r ' s ',Ta 3s', si I 3 s' 



A o A Pr'.s' A . star s / 

A r ' 59 A s i > A r ' s ' A s ' > A s i* 

commute, 

If no confusion is likely to arise we shall use the simplified notations 

ob := Hr jS (a <S> b), and a* := star r (a), (2-2) 
whenever a G A r and 6 G A s . Axioms (2.1.i-vi) then take on the more familiar aspect: 



(i 

(ii 
(hi 

(iv 

(v 
(vi 



(ab)c = a(bc), 
(ab)* = b*a*, 
a** = a, 

IHI < HIHI 
\\aa*\\ = ||a|| 2 , 

aa* > 0, in B r 



If s < t, we shall often use the map jt yS to identify A s as a subspace of A^. Axiom 
(2.1. viii) then says that the multiplication and star operations are compatible with such 
an identification. 

Let us now discuss a few immediate consequences of the definition. 
2.3. Proposition. 

(a) If e G E(S), then A e is a C*-algebra. Incidentally this is the C*-algebra structure 
with respect to which (2.1. vi) refers to positivity. 

(b) For every s <E S, one has that j SjS is the identity map on A s . 

(c) If e, / G E(S), and e < f, then jf :£ (A e ) is a closed two-sided ideal in Af. 

Proof. We skip (a), since it is obvious. Given s G S, notice that j SjS is an isometric linear 
map from A s to itself which is idempotent by (2.1. vii). Therefore j 8jS must be the identity 
map on A s , proving (b). 

With respect to (c), let a G A e and b G Af. Then 

jf,e(a)b = Vf,f(jfA a )®jf,f( b )) (2 ' 1=Vm) jf,e(Ve,f( a ® b )) £ J 7 : ,e(A e ) , 

and similarly bjf, e (a) G jf :e (A e ). This shows that jf :e (A e ) is a two-sided ideal in Af. It 
is closed because A e is a Banach space and j/^ is an isometric map. □ 
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If r, s, t G S are such that r,s < t, let 

v = ts*sr*r ( = sr*r = rs*s). 

Then clearly v < r,s, and it is easy to see that v is the maximum among the elements of S 
which are both smaller than r and s. Therefore v is effectively the infimum of r and s with 
respect to the natural order structure of S, so we shall denote v by r A s. This is despite 
the fact that S is not necessarily a semilattice with respect to its order: the existence of 
r A s is only guaranteed once the set {r, s} is known to admit an upper bound, namely t. 

2.4. Proposition. Let r, s,t E S be such that r, s <t, and set v = r A s = ts*sr*r. Then 




is a pull-back diagram. 

Proof. Initially notice that the diagram commutes since 

3t,r3r,v Jt,v Jt,s3s,v 

by (2.1.vii). To prove the statement we must show that whenever a r G A r , and a s G A s 
are such that 

jt,r(a r ) = jt,s( a s)i 

there exists a unique a v G A v such that 

jr,v{ a v) = a r? & n d js,v{ a v) = a s- 

Since all maps involved are injective, this is equivalent to saying that 

jt,v(A v ) = jt,r( A r) n jt, s (A s ). 

From the commutativity of our diagram it easily follows that jt, v (A v ) C j tj1 ,(A r ) njt, s (A s ), 
so it suffices to prove the reverse inclusion, which we will do shortly. 

As already seen A s * s is a C*-algebra, and the reader will have no difficulty in proving 
that A s is a right Hilbert module over A s * s relative to the operations 

xa := ^ s ,s*s(x <g> a), and (x, y) := // s *, s (star s (x) <S> y), 

defined for all tt G ^4 S * S , and x, y G A s . Given an approximate unit {tij^j for ^4 S * S , we then 
have by [7: 1.1.4] that x = lim^ xui, for every x G A s . 
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Given y G j t , r ( A r) nj t , s (A s ), write 

V = 3t,rM =3t, s (a s ), 

where a r G A r and a s G A s . For every member Ui of the approximate unit above we have 

3t,s( a s u i) = jt,s(Vs,s*s(a a <8> "*)) 2 '= m (JL t ,Ft(jt,aM ® Jt*t,s* s(Ui)) = 
= Vt,t*t(jt,r( a r) ® jt*t,s*s(Ui)) (2 '= m) jt,rs*s(fJ>r,8*s(a>r <g) -Ui)) G 

So, 

y = jt,s(a s ) = kmjt,s(a s Ui) G j*^^). □ 
3. Cross Sectional C*-algebra of a Fell Bundle. 

Throughout this section we fix a Fell bundle A over the inverse semigroup S. 

3.1. Definition. Let B be a complex *-algebra. A pre-representation of „4 in B is a 
family IT = {7r s } se s, where for each s G 5 

tt s : A s -> B 

is a linear map such that for all s,t G S, all a G A s , and all b G A*, one has 

(i) n st {ns,t{ a ® b )) = K s (a)ir t (b), 

(ii) 7i>(star s (a)) = 7r s (a)*. 

If moreover IT satisfies 

(iii) 7r t o j t s = tt s , whenever s < t, 

we will say that IT is a representation. 

With the simplified notations given in (2.2), axioms (3. 1 .i-ii) take on the simpler form: 

(i') Tv st (ab) = 7r s (a)7r t (6), 
(ii') 7r s *(a*) = 7r s (a)*. 

If e G E(S) we have already seen that A e is a C*-algebra. Given a pre-representation 
IT of A in a C*-algebra B, it is then immediate that n e is a *-homomorphism from A e to 
B. In particular 7r e is necessarily contractive 1 . Given any s G S, and a G A 8 , we then have 
that 

||7r s (a)|| 2 = ||7r s (a)*7r s (a)|| = ||7r s * (star s (a))7r s (a) || = 

= lks* s (A t s*, s (star s (a) ® a))|| < ||/i s * ;S (star s (a) ® a)) || (2 = v) ||a|| 2 . 
With this we have shown: 

1 A linear map T from a normed space X to a normed space V is contractive if ||T(ai)|| < for 
every x 6 X. 
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3.2. Proposition. Given a pre-representation U of the Fell bundle A in a C*-algebra B, 
one has that 

\\n s (a)\\ < \\a\\, V s G S, Va G A s . 

3.3. Proposition. Let A be a Fell bundle over the inverse semigroup S and let U be a 

representation of A in the C* algebra B. Then for every idempotents e, f G E(S) one has 
that 

7l e (A e ) ■ TTf(Af) = 7T ef {A ef ) = 7t e (A e ) n 7Vf(A f ). 

Proof. Let a G A e and b G Af. Then, by (3.1.i) we have that 

n e (a)n f (b) = ir ef (n e j(a ® b)) G n e f(A e f), 
proving that w e (A e ) ■ iVf(Af) C iv e f(A e f). For any c G A e f we have by (3.1. hi) that 

7T e /(c) = TT e (j e ,ef(c)) G 7T e (A e ), 

so 7T e f(A ef ) C 7r e (A e ), and similarly 7r e/ (A e/ ) C 7r f (A f ), so 

7r e/ (^ e/ ) C7r e (^ e )n 7 r / (^ / ). 
To conclude we will prove that 

TV e (A e ) n TVf(Af) C 7T e (A e ) ■ Tr/04/). 

It is evident that 7r e is a *-homomorphism from A e into S. Therefore ir e (A e ) is a closed 
*-subalgebra of £?, the same applying to nf(Af). If follows that Tr e (A e ) fl7r/(A/) is likewise 
a closed *-subalgebra of S. 

Given any b G 7r e (A e ) fl/T/(A/) we may use Cohen-Hewitt's factorization Theorem [6: 
32.22] to write b = 6162, where 61, 62 G n e (A e )r\n f(Af), so we see that b G 7r e (A e )-7r/(y4/). □ 

3.4. Definition. The cross-sectional C*-algebra of A, denoted C*(A), is the universal 
C*-algebra generated by the disjoint union 

U A s, 

ses 

subject to the relations stating that the natural maps 

n -:A s ^C*(A) 

form a representation of A in C*(A). 

From (3.2) and [1: 1.2] one deduces the existence of C*(A) as well as its uniqueness 
up to isomorphism. For further reference let us spell out the universal property of C*(A) 
in detail: 
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3.5. Proposition. C*(A) is a C*-algebra and U u — {tt" is a representation of A in 
C*(A). Moreover, given any representation U = {iv s } se s of the Fell bundle A in a C*- 
algebra B, there exists a unique *-homomorphism $ : C*{A) — > B such that $ o 7r" = n s , 
for all s G S. 

One of our main goals is to show the existence of certain nontrivial representations of 

A, and also to show that each 7r" is injective. In order to achieve this goal it is useful to 
have a more concrete description of C*(A), as follows. Let 

C(A) = @A S . 

ses 

For each s E S and each a s G A s , denote by a s 8 s the element of C(A) whose coordinates 
are all equal to zero except for the s th coordinate which is equal to a s . It is then clear that 
for a generic element a = (a s ) s in C(A) one has 

a = y^^agSg. 

ses 

In addition, this representation is clearly unique. 

Define a multiplication and a star operation on C(A) in such a way that for all s, t G S, 
all a G A s , and all b G A t , 

(a5 8 )(bS t ) = n 8 ,t(a<g)b)S s t, and (a5 s )* = star s (a)5 s * . 

With the aid of (2.1.i-iii) one easily proves that C(A) is a complex associative *-algebra. 
Introducing a norm on C(A) by 

ses ses 

one readily checks that C(A) is a normed *-algebra. 

3.6. Definition. For each s G S, let 

7Tg : a s G A s i-> a s 5 s G C(A). 

It is easy to see that IT = {7r°} s6 5 is a pre-representation of A in C(A). This is in 
fact a universal pre-representation in the following sense: 

3.7. Proposition. Let B be a *-algebra. If IT = {7r s } s£ 5 is a pre-representation of A in 

B, then the map $ : C(A) — > B given by 

ses ses 



NONCOMMUTATIVE CARTAN SUB- ALGEBRAS OF C -ALGEBRAS 



11 



is a *-homomorphism. Conversely, given any *-homomorphism $ : C(A) — > B, consider 
for each s G S, the map ir s : A s — > B given by 

7T S = $ O 7T^. 

Then II = {7r s } se s is a pre-representation of A in B. In addition the correspondences 
II h $, and $ i— > II described above are each other's inverse, giving bijections between 
the set of all *-homomorphisms from C(A) to B, and the set of all pre-representations of 
A in B. 

Proof. Left to the reader. □ 

3.8. Proposition. Let B be a C*-algebra. Then every *-homomorphism $ : C(A) — > B 
is contractive. 

Proof. Let IT be the pre-representation corresponding to $ according to (3.7). Given any 
a = J2 s eS tts ^ s e we have that 



(3.2) 

< 

ses " ses ses ses 



(3 2) 

$(a)|| = $(^a a £ s ) = J] ^7r s (a s )| < ||7r s (a s )|| < H a 



8 \\ — a • D 



Observe that the pre-representation IT defined in (3.6) is not necessarily a represen- 
tation since there is no reason why (3-l.iii) holds. In order to force its validity we need to 
mod out certain elements of C(A). 

3.9. Proposition. Let Af be the linear subspace of C(A) spanned by the set 

|a s 5 s - jt, s (a s )5t ■ s,t G S, s <t, a s G A s |. 
Then Af is a two-sided self adjoint ideal of C(A). 

Proof. Given r,s,t G S, such that s <t, let a s G A s , and b r G A r . Then 

(a s S s - jt,s(a s )5 t ^b r 5 r = ^ s , r (a s ®b r )5 sr - fi t ,r(jt,s(a s ) ®b r )5 t r (2 '= m) 

= /U s , r (a s <g) b r )5 sr - jtr,sr{Hs,r{a s ® b r ))5 tr G Af, 

from where one sees that Af is a right ideal. A similar reasoning shows that Af is a left 
ideal as well. Also 

(a s 5 s -jt, s (a s )8t) = star s (a)5 s . - st&r t (j ttS (a s ))S t * (2 -= m) 

= star s (a)5 s » - j t * j8 * (st&r s (a s ))S t * G Af, 
so Af is selfadjoint. □ 
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The following result is self evident: 

3.10. Proposition. With respect to the correspondence IT of (3.7) one has that $ 
vanishes on Af if and only if IT is a representation. 

Observe that, by (3.2) and [1 : 1.2] , the enveloping C*-algebra of C(A) /M, here denoted 
C*(C(A)/J\f), exists. It is our next main goal to prove that it is "^-isomorphic to C*(A). 

3.11. Definition. We denote by ij, the composition 




C(A) -5U C(A)/N — > C*{C{A)/M), 

where g is the quotient map and the unmarked arrow is the canonical map from C{A)/M 
to its enveloping C*-algebra. 

3.12. Proposition. For each s £ S, let irj = o 7r°, where 7r° was defined in (3.6), 
(see also Diagram (3.14)) and let H + = {nj} se s. Then 11+ is a representation of A in 
C*{C{A)/N). 

Proof. Since IT is a pre-representation of A in C(A), it is obvious that 11+ is a pre- 
representation of A in C* (C{A) / N") . To prove that n + is a representation, let s <t, and 
let a s G A,. Then by definition a s 5 s — jt, s ( a s)$t £ A/", and hence 

= -Jt, s (a s )5t) = -"tC7t,fl(a«)*t)) = 7r+(a s ) - 7r+(j M (a s )), 

proving that 7r+ = 7r^ o j t s , and hence that Il + is in fact a representation. □ 

3.13. Proposition. There exists an isomorphism 6 : C* (C(A)/Af) — > C*(^4), such that 
G o 7r+ = TTg , for every s G S. 

Proof. In order to prove the statement it is clearly enough to prove that C*(C(A)/Af) 
possesses the universal property described in (3.5) with respect to the representation II + . 
So we let IT = {-7r s } s6 s be any representation of A in a C*-algebra B. Let ^ : C(A) — > B 
be given as in (3.7) in terms of IT. By (3.10) we have that ^> vanishes on J\f and hence it 
factors through C(A)/M giving a *-homomorphism ^ : C{A)/M — > B, such that 

*(q{a a 8 a ))=<K a {a a ), (3.13.1) 

whenever a s G A s . By the universality of the enveloping C*-algebra, one has that \& 
further factors through C* (C(A) / J\f) , providing a map $ : C*(C(A)/J\f) -> S such that 
the diagram 
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C{A)/N 



- B 



C*(C(A)/M) 



commutes. In particular, for every a G A s we have 



7r s (a s ) (3 = 1] *(q(a 3 6 a )) = ^(i A (a s S s )) = $(^«(a s ))) = $«(a s )), 



as desired. That $ is unique follows from the fact that C* (£(A)/N) is generated by the 
union of the ranges of the 7r+. □ 



In view of the result above we shall henceforth identify C*(C(A)/M) and C*(A) 
bearing in mind that this identification caries 7r+ to , for every s 6 S. The following 
diagram shows all relevant mappings: 



C(A) — q -^C(A)/N C*(C{A)/N) — ^ C*(A) 




Diagram 3.14. 



4. Fell bundles over semilattices. 

Recall that a semilattice is a partially ordered set E such that for every e, / G E one has 
that there exists a larger element among the members of E which are smaller than both e 
and /. This element is denoted by e A /. Viewed as a semigroup under the operation "A", 
one has that E is an inverse semigroup whose elements are idempotents. Conversely any 
inverse semigroup consisting of idempotents is obtained as above. 

We will now study the special case of Fell bundles over semi-lattices. So, throughout 
this section we will let A be a Fell bundle over a semi-lattice E. Our main goal will be to 
construct a concrete representation of A leading to a faithful representation of C* (A) . 
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4.1. Proposition. Given a representation II of A in a C*-algebra B, let 

TZ (U) = ^yr e (A e ), 

and let 72.(11) be the closure of 72-0 (II) within B. Then 

(i) TZq (II) is a *-subalgebra of B, 

(ii) 72.(11) is a closed *-subalgebra of B, 

(iii) 7r e (A e ) is a closed two-sided ideal of 72.(11), for every eEE, 

(iv) 72o (II) is a two-sided selfadjoint ideal of 72.(11) . 

Proof. The first point follows easily from (3.1.i-ii), and (ii) is an immediate consequence 
of(i). 

In order to prove (iii) we must show that if a G A e , and x G 72.(11), then both jr e (a)x 
and XTT e (a) are in ir e (A e ). Since ir e (A e ) is closed, we may suppose without loss of generality 
that x = 7r/(6), for some / G E, and b G Af. We have 

n e (a)x = n e (a)nf(b) = n e f (fi e ,f(a <8)b)) = ... 

Since ef < /, we have by (3.1. iii) that the above equals 

• •• = TT e (i ej ef{ii e j{a ®b))^j G Tv e (A e ). 

That x-K e (a) G 7r e (A e ) follows in the same way. Finally, (iv) holds as as consequence of the 
fact that the sum of ideals is an ideal. □ 

Before proceeding we need an elementary fact for which we were unable to find a 
reference. 

4.2. Lemma. Let A be a C*-algebra and let J be a (not necessarily closed) two-sided 
selfadjoint ideal of A. Then any *-homomorphism $ : J — > B, where B is a C*-algebra, is 
contractive. 

Proof. By replacing A with its unitization we may assume that A is unital. We first claim 

that if a G J, and < a < 1, then ||3>(a)|| < 1. For this let b = a 1 */ 1 — a 2 , so that b G J. 
Observe that 

a 4 + b*b = a 2 , 

hence 

$(a) 4 < $(a) 4 + $(&)*$(&) = $(a) 2 . 
Since $(a) is selfadjoint, one has that 

V :=$(a) 2 
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is a non- negative element of B satisfying y 2 < y, which necessarily implies that \\y\\ < 1. 
Therefore 

||$(a)f = ||$(a) 2 || = ||y||<l, 

proving our claim. 

If a is any element of J, put a' := \\a\\~ 2 a*a, so that a' satisfies the hypotheses above 
and hence 

||a||- 2 ||$(a)|| 2 = ||a|r 2 ||$(a*a)|| = ||$(a')ll < 1, 

from where the result follows. □ 

We now present a very simple characterization of the cross-sectional C*-algebra of A. 

4.3. Proposition. Let IT be a representation of A in a C*-algebra B such that n e is 
one-to-one for every e in E. Then 72.(11) is *-isomorphic to C*(A). In fact there exists a 
* -isomorphism 

$:72(n) -^C*(A), 
such that $ o 7r e = 7Tg , for every e G E. 

Proof. Let IT' be any representation of A in a C*-algebra B' . Given x G 72 (n / ), write 

x = ^7Tg(a e ), 

e 

where a e G A e , for each e G E, and the set {e G E : a e ^ 0} is finite. We begin by claiming 
that, if / G E, and b G Af, then 

e 

To prove it we compute 

= ^<K) 7r /( 6 ) = ^</(/"e,/(a e ®6)) = 

e e 

= ^^/(V.e/^ej^e = 7r}( ^ Z/, e/ (/i e ,/(a e <8> &))) • 

e e 

Observe that, since 72(n') is generated by elements of the form 7r^(6), we have that 

x = (V/ e£, V6 G Aj, xn'f{b) = 0). 

From (4.3.1) we thus obtain the following sufficient condition for x to be zero: 

£V e (a e ) = <= (V/ G £, V6 G A /5 ^v, e/ ( / x eJ (a e ®6)) = 0). (4.3.2) 
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Clearly all that has been said about IT' holds, mutatis mutandis, for IT. Moreover, since 
we are supposing that 717 is one-to-one for every /, the sufficient condition (4.3.2) is also 
necessary in the case of IT. This implies that the expression 



gives a well defined linear map from 7Zo(U) onto 72o(n'), which can easily be proven to 
be a *-homomorphism as well. Since 1Z (Tl) is a two-sided selfadjoint ideal of 71(11) by 
(4.1.iv), we deduce from (4.2) that \1/ extends to give a *-homomorphism from 72.(11) to 
72(ir), which clearly satisfies 

#07^ = 71^, \/eEE. 

This shows that the conditions of (3.5) are satisfied if we replace C*(A) and IP by 72(11) 
and IT, respectively. Since the universal object is clearly unique up to isomorphism the 
conclusion follows. □ 

We thus see that, in order to obtain a concrete model for C*(A), all one needs is 
a faithful representation of A. In the remainder of this section we shall obtain such a 
representation in a somewhat canonical way. 

For each e G E, consider the multiplier algebra M(A e ) and let B be the subalgebra of 

n 

eEE 

formed by the elements m = (m e )ee£, satisfying 

|| rr*. || := sup ||m e || < 00. 

eEE 

It is well known that B is a C*-algebra with the norm defined above. Given / G E and 
b G Af let, for every eEE, 

m b e = (LlR b e )EM(A e ) 

be given my 

L b e (a) = i e j e (/jf !e (b<g) a)), and R b e (a) = i e ,ef(^e,f(a <g> &)) , Va G A e . 
We then let 

X f (b) = (m b e ) eeE EB, 

leaving to the reader the routine verification that A = {A e } e6 £ is if fact a representation 
of A. Observe that for every b G Af we have that 

l|A/(6)|| > Kll = 11*11, (4-4) 

because m b is the canonical multiplier of Af given by left and right multiplication by b. 
It follows that A/ is one-to-one for every /. 

As a consequence we deduce the main result of this section: 
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4.5. Corollary. Let A be a Fell bundle over the semi-lattice E. Then the cross-sectional 
C*-algebra C*(A) is *-isomorphic to TZ(A), where A is the representation of A constructed 
above. In fact there exists a *-isomorphism 

$ :H(A) -+C*(A), 
such that $oA e = 7r" , for every e G E. 

Proof. Follows from (4.3). □ 

In possession of a concrete representation we may now show that A is faithfully rep- 
resented within C* (A) , at least in the case of semi-lattices. 

4.6. Corollary. Let A be a Fell bundle over the semi-lattice E. Then for every e G E 
one has that: 

(i) 7Tg is isometric, 

(ii) 7Tg (A e ) is a closed two-sided ideal in C*(A). 

Proof. The first point follows immediately from (4.4) and (4.5). The second point is a 
consequence of (4.1.iii) and (4.5). □ 



5. Support of linear functionals. 

In the above section we succeeded in obtaining, in a rather elementary way, a nontrivial 
representation of C* (A) , in case A is a Fell bundle over a semi-lattice. The case of Fell 
bundles over general inverse semigroups is much more involving, requiring a careful study 
of linear functionals defined on Fell bundles. In the present section we shall develop a few 
results about linear functionals on C*-algebras which will be crucial in obtaining nontrivial 
representations of general Fell bundles. 

The results presented here will most likely be well known by specialists in the area 
and are included for completeness. 

5.1. Proposition. Let A be a C*-algebra, let J be a closed two-sided ideal of A, and let 
<p be a continuous linear functional on A. Then the following are equivalent: 

(i) For every approximate unit {ui}i for J, one has that </?(a) = linij (p(aiii), for all a G A. 

(ii) There exists a continuous linear functional ip on J and an element b in J such that 
(f{a) = ip(ab), for all a G A. 

(iii) For every approximate unit {ui}i for J, one has that </?(a) = lim^ ip{uia), for all a G A. 

(iv) There exists a continuous linear functional if) on J and an element b in J such that 
(p(a) = ip(ba), for all a G A. 
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Proof. Applying Cohen-Hewitt's factorization Theorem [6: 32.22] to the restriction p\j we 
deduce that there exists a continuous linear functional tp on J and an element b in J such 
that p(x) = ip(xb), for every x G J. 

Assuming (i) choose an approximate unit {ui}i for J and notice that for every a G A 
we have that 

99(a) = \imp(aui) = lim^(attj6) = ip(ab), 

i i 

so (ii) follows. Conversely, assuming that (ii) holds, let {ui}i be any approximate unit for 
J, and let a G A. One then has that 

lim <fi(aui) = lim tj;(auib) = ip(ab) = p(a), 

i i 

proving (ii). In a similar way one proves that (iii) and (iv) are equivalent. 

We next prove that (ii) implies (iii). For this let {ui}i be any approximate unit for J, 
and let a G A. Then, assuming (ii) and observing that ab G J, we have 

lim<^('u i a) = \\mip{uiab) = ip(ab) = <fi(a), 

i i 

proving (iii). Similarly (iv) implies (i), and the proof is concluded. □ 

5.2. Definition. If the equivalent conditions above hold we will say that <p is supported 
on J. 

5.3. Proposition. Let ip be a continuous linear functional on the C*-algebra A, and let 
I and J be closed two-sided ideals of A such that I C J. If ip is supported on I then p is 
also supported on J. 

Proof. By (5. 1 .ii) let ip be a continuous linear functional on / and let b G /, be such that 

p(a) = ip(ab), Va G A. 
By Hahn-Banach's Theorem let x be a continuous linear extension of ip to J. Then 

p(a) = x(ab), Va G A, 

because ab G i", so p is supported on J. □ 

5.4. Proposition. Let A be a C*-algebra, let J be a closed two-sided ideal of A, and let 
p be a state on A. Denote by ix the GNS representation of A associated to p. Then the 
following are equivalent: 

(i) <p is supported on J. 

(ii) The restriction of n to J is non-degenerated. 
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Proof. Let H be the space of 7r and £ be the standard cyclic vector. Assuming (i) let {ui}i 
be an approximate unit for J. Then, for every a, 6 G A one has that 

lim (7r(aitj)£, 7r(6)£) = lim <p(b*aui) = ip(b*a) = (7r(a)£, 7r(6)£) . 

Given that {7r(aiti)£}i is a bounded net, we see that it converges weakly to 7r(a)£. This 
shows that span(-7r( J)i?) is weakly dense in H, and hence also norm-dense. Therefore tv\ j 
is non-degenerated, and (ii) follows. 

Assuming that it is non-degenerated, let once more {ui}i be an approximate unit for 
J. It is well known that the net {n{ui)}i converges strongly to the identity operator. For 
every a G A we therefore have that 

(p(a) = (7r(a)f,f) = lim (7r(a)7r(iti)f , £) = lim<p(aiti), 

proving (i). □ 

5.5. Proposition. Let (p be a pure state on a C*-algebra A, and let J be a closed two- 
sided ideal of A. Then either ip is supported on J or ip vanishes on J. 

Proof. Let tt be the GNS representation of A associated to n, let H be the space of 7r and 
let £ be its associated cyclic vector. If <p> does not vanish on J then obviously neither does 
7r. Thus span("7r( J)H\ is a nonzero closed subspace of if, which is clearly invariant under 
7r. Given that <p is pure we have that 7r is irreducible, so span (n(J)H) = H : and hence 
tv\j is non-degenerated. So <^ is supported on J. □ 

5.6. Proposition. Let p> be a pure state on a C*-algebra A, and let I and J be closed 
two-sided ideals of A. Suppose that ip is supported on both I and J. Then ip is supported 
on I fl J as well. 

Proof. Let (tt, £, H) be the GNS representation of A associated to (p. Choose approximate 
units {ui}i and {vj}j for I and J, respectively. As already mentioned both and 
{^(uj)}j converge strongly to the identity operator. In particular 

for some io- Since 

limp(vjU io ) = lim(7r(^)7r(^ )£,£) = (7r(u io )f,f) + 0, 

we have that 

<P( v 3o u io) + °> 

for some j - It follows that v'l/nj is nonzero and hence ip is supported on Id J by (5.5). □ 
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6. Functionals on Fell bundles. 

Throughout this section we fix a Fell bundle A over the inverse semigroup S. Our main 
goal here will be to obtain a positive linear functional on C(A), given a state on A e , for 
some idempotent e G E(S). This will be the first step in obtaining representations of 
C*(A). 

If e G E(S) and s E S are such that e < s, observe that the map ja,e is an isometric 
embedding of A e into A s . Therefore we may view A e as a subspace of A s . Moreover, since 

e = se*e = se, and e = ee*s = es. 

we have that both A s A e and A e A s are contained in A e . 

6.1. Proposition. Let e G E(S) and s £ S be such that e < s, and let (p e be a continuous 
linear functional on A e , then there exists a unique continuous linear functional (p s e on A s , 
extending <p e , with = \\<fie\\, smd such that for every approximate unit {ui}i for A e 

one has that 

0e( x ) = hm< / ? e (xwi) = lim</? e (uix) = lim</? e (uiXUi), M x G A s . 

i i i 

Proof. By Cohen-Hewitt's factorization Theorem [6: 32.22] there exists a continuous linear 
functional ij) on A e and an element b in A e such that 

(p e (a) = ip(ba), Va G A e . 

Given x G A s observe that bx G A e A s C A e , so it makes sense to define 

<p s e (x) = ip(bx), VxGA s . 

Obviously (p s e is then a continuous linear functional on A s extending <p e , whence ||<^g|| > 
\\<fe\\- Given an approximate unit {ui)i for A e one has, for every x G A s , that 

lim (p e (uix) = \imifj(buix) = tfj(bx) = 0l(x). 

i i 

On the other hand 

\im<fi e (xui) = \imi(;(bxui) = ifj(bx) = 0l(x), 

i i 

because bx G A e , and hence {bxui}i converges to bx. To prove the last identity of the 
statement one uses Cohen-Hewitt's Theorem once more to write 

■0(a) = x(ac), Va G A e , 

where c G A e , and x is a continuous linear functional on A e . Then, for every x G A s one 
has 

lim <p e (uiXUi) = lim if; (biiiXUi) = WmxipUiXUic) = xipxc) = tfj(bx) = <fil(x). 

i i i 

It remains to prove that ||<^g|| < ||ve||- For this notice that for every x G A s one has 

that 

|</5g(a;)| = lim \<p e (xui)\ < lim sup ||<^ e || \\x\\ \\ui\\ < \\<p e \\ \\x\\, 
» i 

concluding the proof. □ 
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6.2. Definition. The functional (p a e obtained above will be called the canonical extension 

of if e to A 8 . 

In order to facilitate computations with the canonical extension it is useful to highlight 
the way it was constructed in the proof above: 

6.3. Proposition. Under the hypothesis of (6.1), whenever 

<p e (a) = ip(ba), Va G A e , 
where tj; is a continuous linear functional on A e , and b G A e , one has that 

<p s e (x) = ip(bx), \JxeA s . 

Proof. See the proof of (6.1). □ 

6.4. Definition. Given s,t E S, we will say that s and t are 

(i) disjoint if there is no r G S such that r < s,t, 

(ii) A-disjoint if, for every r G S such that r < s, t, one has that A r = {0}. 

Before proceeding we need the following elementary result which holds for every inverse 
semigroup: 

6.5. Proposition. Let s,t G S and let e G E(S). Then the following are equivalent: 

(i) e < s% 

(ii) se = te, and e < s*s, t*t. 

Proof, (i) (ii): By (i) we have that e = s*te. So 

s*se = s*s(s*te) = s*te = e, 

proving that e < s*s. Since e = e* < (s*t)* = t*s : the above reasoning gives e < t*t. 
Proving that se = te is equivalent to showing that (se)* = et*, which is to say that 

(a) se = se(et*)se, and 

(b) et* = (et*)se(et*), 

in view of the uniqueness of the adjoint in S. Observing that 

et*s = (s*te)* = e* = e, 
we have that the right-hand-side of (a) equals 

se(et*)se = set* se = see = se, 
proving (a). To prove (b) notice that 

(et*)se(et*) = et* set = eet* = et* . 
(ii) =^ (i): This follows at once from s*te = s*se = e. □ 
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6.6. Proposition. Let s and t be A-disjoint elements in S and let e be an idempotent 
with e < s*t. Given any continuous linear functional ip e on A e one has that 

s ; t (a* s a t ) = O, 

for every a s G A s , and at G A t . 

Proof. By (6.5) we have that se = te. Denoting by r = te, it is then clear that r < s,t, so 
A r = {0}, by hypothesis. Next observe that by (6.1) it is enough to show that ip e (a*atu) = 
0, for every u G A e . But since 

a t u G A t A e C A te = A r = {0}, 

we have that atu = 0, and the statement follows. □ 

6.7. Proposition. Let e, s,t G S be such that e is idempotent and e < s < t. Given a 
continuous linear functional ip e on A e one has that 

= <P*e°3t,a- 

Proof. Pick a continuous linear functional ifi on A e , and b G A e , such that <^ e (a) = ip(ba) 
for all a G A e . Then, given any x G A s , we have 

<fi t e(jt,s( X )) ^ i>( h 3t,s{x)) =^{^e,t{b® jtA x ))) (2 ' 1=Vm) Tp(je,e(Ve,s( b ® X ))) = 

= ip(bx) = <p s e (x). □ 

6.8. Proposition. Let e, / G E(S) and let s G S be such that e < f < s. Given a 
continuous linear functional ipf on Af denote by <p e its restriction to A e . Ififjf is supported 
on A e then the canonical extensions <p s e and ipi coincide. 

Proof. By (5.1.iv) let ipi be a continuous linear functional on A e and b\ G A e be such that 

ipf(a) = ipi(bia), VaeAf. 

By Hahn-Banach's Theorem we may suppose that V>i is the restriction to A e of a continuous 
linear functional ^2 on Af. Since (p e (a) = i(^i(bia), for all a G A e , we have by (6.3) that 

s e (x) = ij>i(hx), M x G A 8 . 
On the other hand, since ipf(a) = ^(bia), for all a G Af, we have, again by (6.3), that 

tjjf(x) = i) 2 (bix), VxGA s . 
However, since b\x G A e , for all 3; G 4, we have that 

$ 8 f {x) = ip 2 (hx) = ipi(hx) = <fi s e (x). □ 

6.9. Proposition. Let e G E(S), and let ip e be a state on A e . For each s G S such that 
e < s, denote by (p s e the canonical extension of <p e to A s , and let (p e be defined on C(A) by 

sES s>e 

Then (p e is a positive continuous linear functional on C(A) with \\<fi e \\ = II Veil- 
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Proof. It is clear that <p e is linear. Moreover, if YlseS as ^ s * s a g ener i c element of C(A), 
one has that 

<fi S e(a s )\ < H^elllKII (6=1) |be|| ^ H as H - H ^ II 1 1 tts5s 
sES s>e s>e s>e s6S 

so ||<^ e || < || Veil- Identifying A e with A e 5 e one has that </5 e extends cp e , so ||<p e || = ||Ve||- 
In order to prove that (p e is positive, given a = a s 5 s G C(A), we need to show that 

ses 

(p e {a*a) > 0. We have 

V$ e (a*a) = Ve( ^ a> t <w) = £ ^'(oja*) ( = 5) £ '(^a*). (6.9.1) 

s.teS 1 s*t>e s*s,t*t>e 

se=te 

Let I := {s G S : s*s > e}, and consider the equivalence relation on X defined by saying 
that s ~ t, if and only if se = te. Also let 

x= u *A, 

AeA 

be the decomposition of X into equivalence classes. Then, picking up from (6.9.1), we have 
that 

v e (a*a) = ^ vf = ^i\ a >t)- 

s,tex AeA s,tex x 

To arrive at the conclusion it therefore suffices to show that 

<Pl mt «at)>0, VAgA. (6.9.2) 

s ,tex x 

Fixing A choose an approximate unit {ui}i for A e and observe that a s Ui G A se = A rx , 
where r\ is the common value of se for all s G X\. We may then define an element in A rx 
by the expression 

Vi= Y asUi - 

sex x 

Clearly y*yi G A r * rx = A^ se y se = A es * se = A e , so we have by (2.1.vi) that 

< <fe{y*iVi) = Ve( Yj u i a *s a t u i) = Y <Pe( u i a t a t u i) • 

s,tex x s,tex x 
Taking the limit as % — > oo, we deduce that 

< lim Y ¥e(uia* s a t Ui) C = } (p s e t {a* s a t ), 

s,tex x s,tex x 

concluding the proof of (6.9.2). □ 
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6.10. Corollary. Let e G E(S), and let <p e be a state on A e . If s and t are disjoint 
elements of S then (p e vanishes on (A s 8 s )*(At5t). 

Proof. Given a s G A s and a t G A t , one has that 

(fi e ((a s 8 s )*(a t 8 t )) = {p e {a* s a t 5 s * t ). 

If e ^ s*t, then the above vanishes by definition of (p e . On the other hand, if e < s*t, the 
above equals (p s e *(a*at), which vanishes by (6.6). □ 



7. Inducing pure states. 

In the last section we have constructed states on C(A) from states on each A e . These 
states do not necessarily vanish on the ideal M of (3.9) and hence do not factor through 
the algebra we are mostly interested in, namely C(A)/N. Here we will improve the above 
construction in order to obtain states on C(A)/M and hence nontrivial representations of 
C*{A). 

As before we fix a Fell bundle A over the inverse semigroup S. Denote by £ the 
restriction of A to the idempotent semilattice E(S), and recall that {^e} e eE(S) denotes 
the universal representation of £ in C*(£). Incidentally, here we shall not use the universal 
representation of A. 

By (4.6.ii) we have that that ir™(A e ) is a closed two-sided ideal of C*(£), for every 
e G E(S). 

7.1. Definition. Given a state <p on C*(£), the support of <p is the set 

supp(</?) = {e G E(S) : ip is supported on n^(A e )}. 

7.2. Proposition. Let if be a state on C*(£) and let e, / G E(S). 

(i) If e G supp(t^), and f > e, then f G supp(<£>). 

(ii) If ip is pure and e, / G supp(t^), then ef G supp(</?). 

Proof. If e < /, then 

7r](A f )D7r u f (j f , e (A e ))=7r u e (Ae), 

so (i) follows from (5.3). As for (ii), it follows from (5.6) and the fact that ir^^Aef) = 
7r™(A e ) n 7rf(A f ), according to (3.3). ' □ 

Recall that, given two elements e and / of the semilattice E(S), one says that e < f, 
whenever ef = e. For reasons that should become clear let us introduce the reverse order 
on E(S) by declaring that 

/ -< e ^ e < f. 

In particular one has that 

ej^ef, VeJeE(S). 
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Given a pure state p on C*(£) observe that supp(</?) is a directed set under by 
(7.2. ii). Therefore we may (and shortly will) use supp(</?) as the set of indices for a net. 
Given e G supp(</?), the composition 

p e :=pon u e (7.3) 

is a state on A e . We therefore obtain by (6.9) a positive linear functional <p e on C(A), and 
hence {p e } e esu PP (<p) is a ne t of functionals on C(A). This brings us to a main point. 

7.4. Proposition. Given a pure state p on C*{£), the net {^eKesupp^) constructed 
above converges pointwise to a positive linear functional p on C(A), such that 

(i) for every s G S, and a s G A s , one has that 

(0l(a s ), if there exists e G supp(</?), such that e < s, 
0, otherwise, 

(ii) for every e G E(S), and every a e G A e , one has that ip(a e d e ) = <p(jTe (a e )) , 

(iii) \\<fi\\ < \\(p\\, 

(iv) ip vanishes on the ideal M defined in (3.9). 

Proof. To prove convergence of our net it is enough to show the existence of 

limip e (a s S s ) 

e 

for every s G S, and every a s G A s . 

Suppose first that there does not exist e G supp(</?) such that e < s. By definition we 
have that ip e (a s d s ) = 0, for every e G supp (cp), and hence 

\im<p e (a s 5 s ) = 0. (7.4.1) 

e 

Suppose now that e < s, for some e G supp(<^). We then claim that for every / G supp(</?) 
with / < e, that is, / be, one has that 

<Pf(a s 8 s ) = <p e (a s 8 s ). 

To prove it observe that 

Pf = poir] = (poir^ o j eJ = p e o j eJ , 

so, identifying as an ideal of A e , we have that coincides with the restriction of p e 
to Af. It is also evident that p e is supported on Af, so we have by (6.8) that <p S f = <p s e . 
Therefore 

<Pf(a s 5 s ) = >p s f (a s ) = >p s e (a s ) = <p e (a s 5 s ), 
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proving our claim, and hence that 

lim<ff(a s 5 s ) = <p e (a s 6 s ). (7.4.2) 

This concludes the proof of the convergence of our net. Letting <p denote the pointwise 
limit of the tp e , we have that (i) follows from (7.4.1) and (7.4.2). Since each p e is positive 
by (6.9) it is clear that dp is also positive. 

In order to prove (ii), suppose first that e G supp(t^). Then, using (i) and observing 
that the extension of <p e to A e is <p e itself, we have that 

>p(a e 5 e ) = (p e e {a e ) = p e (a e ) = (p(ir^(a e )). 

Suppose next that e ^ supp(t^). This means that <p is not supported on 7Tg(A e ), which 
implies that ip vanishes on (A e ) by (5.5), and hence the right-hand-side of (ii) equals 
zero. Because of (7.2. i), no member of the support of <p is dominated by e, so ip(a e d e ) = 0, 
by (i). This concludes the proof of (ii). 

Addressing (iii) notice that for every e G supp(y), one has that 

I, _ n (6.9) | UM ^ u| , ( 3 - 2 ) n n 

\\<p e \\ = \\<p e \\ = \\<p7T e || < HvlllFe II ^ \m\- 

Taking the limit one gets \\<p\\ < \\<p\\- 

Let us now prove that <p vanishes on A/", so let s,t G S be such that s < t, and let 
a s G A s . By definition of M (3.9), our task is then to prove that 

(p{a s 5 s -j t , s ( a s) S t) = 0. (7.4.3) 

Consider the following statements: 

(a) There exists e G supp(y>) such that e < s. 

(b) There exists e G supp(</?) such that e < t. 

Since s < t, it is clear that (a) implies (b). It is thus impossible for (a) to be true and 
(b) false. All other cases will be treated separately. 

Case 1: (a) is false and (b) is true. 

Choose eo G supp(</?) such that eo < t. Then, for every e < eo (i.e. e y eo), we have 

that 

se = ts*se = tes*s = es*s, 

so se is idempotent, and clearly se < s. Since we are assuming (a) to be false, we deduce 
that se is not in supp(</?) and hence that <p is not supported in Ti^ e {A se ). So <p vanishes on 
7ig e (A se ) by (5.5), and in particular 

Veje,se = ¥<3e,se = W'se = 0- (7.4.4) 
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Still assuming that e < eo, we next claim that 

vKhsM) = °- 

Fixing an approximate unit {ui}i for A e we have that 

fii(jt,s(a s )) ( = ) Hm <Pe(jt,s( a s)Ui) = ^<fie^t,e(jt,s( a s) ® (2 '= m) 

= lim^ e ^j e)Se (^ S)e (a s <g> Wi))) (7 = 4) ° 5 
proving our claim. It follows that 

^ e (a s 5 s - j t , s ( a s) s t) ( = 9) ^e(it, s (a s )) = 0, 

for every e >: eo, and hence (7.4.3) is proved. 

Case 2: (a) and (b) are both false. 

For every e G supp(</?) we have that (p e {a s b~ s — jt,s{&s)&t) = 0, by (6.9), so (7.4.3) 
follows immediately. 

Case 3: (a) and (b) are both true. 

Choose eo € supp(</?) such that eo < s. Then, for all e < eo (i.e. e ^ eo), we have that 

(f e (a s S s - jt,s(a a )6 t ) = <fi s e (a s ) - < fi t e (jt,s( a s)) ( = } 0, 

and hence (7.4.3) follows. □ 

It is interesting to remark that the convergence above takes place even if C is given 
the discrete topology! 

7.5. Proposition. Let <p be a pure state on C*(£). If s and t are disjoint elements of S 
then (p vanishes on (A s S s )*(A t 8 t ). 

Proof. Since (p is the limit of the <p e , the result follows from (6.10). □ 
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8. Representations of C*(A) and the reduced cross-sectional algebra. 

As before we fix a Fell bundle A over the inverse semigroup S and let £ be the restriction 
of A to the idempotent semilattice E(S). 

Given a pure state (p on C*{8) one has that the functional (p provided by (7.4) is 
continuous and hence extends to the Banach *-algebra completion of C{A). Using [F: 
VI. 19.3 and VI. 19.5] we deduce that <p generates a ^representation of (the completion 
of C(A) and hence also of) C(A) on a Hilbert space H^,. To be precise, H^, is the Hilbert 
space obtained as the Hausdorff 2 completion of C(A) under the pre-inner-product 

(x,y)~ = 0(y*x), Vx,ye£(A). (8.1) 

The representation T<^ itself is given by 

r^x)y = Zy, Vx,yejC(A), (8.2) 

where the "hat" notation indicates the canonical map y G C(A) i— > y G Hp, given by the 
completion process. 

8.3. Definition. We shall refer to as the GNS representation of jC(A) associated to 
(p. 

Notice however that, in the absence of a bounded approximate unit for £(A), the 
existence of a cyclic vector for T<^ does not follow from the standard arguments. 

Regardless of cyclic vectors we have the following criterion for the vanishing of Y^x), 
for every given x G C(A): 

T$(x) = ^ Vy, z G C{A), £(z*xy) = 0. (8.4) 

8.5. Definition. By the reduced C*-algebra of A we shall mean the C*-algebra C* ed (A) 
obtained as the Hausdorff completion of C(A) under the C*-seminorm 

W = sup||T^(x)||, 
where <p runs in the set of all pure states of C*{£). 

8.6. Proposition. There exists a surjective map A : C*{A) — > C* ed (v4.), such that the 
diagram 



la C*(A) 



C(A) 




Meaning that one must first mod out vectors of norm zero. 
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commutes, where t^| d is the canonical map arising from the completion process. 

Proof. If ip is a pure state of C*(£) recall that <p vanishes on Af by (7.4. iv). So it follows 
from (8.4) that T<^ also vanishes on M, and hence factors through C(A)/Af, and hence 
also through its enveloping C*-algebra, namely C*(A). It follows that ||Y^(ir)|| < ||^(a;)||, 
and hence also that 

11^0*011 = HI < IM*)II, VxeC(A), 

from where the conclusion follows. □ 

8.7. Definition. For each s G S we shall let n r s ed : A s — >• C* ed (^4) be the composition of 
maps 

IT / r<3 d 

A s C(A) ^ CUA)- 



Notice that 



__red ,red A _ , _ _0 A _ _U 

71 8 ~ L A O 7T S = A O Z,^ O 7T S = A O 7T S , 



and hence II red = {7Tg ed } s6 5 is a representation of A in C* ed (A). 

We may now finally prove a non-triviality result relating to C*(A). 

8.8. Lemma. Let n > 1, let si,...,s n G S 1 , be pairwise A-disjoint elements, and let 
Oi G A Si , for each z = 1, 2, . . . , n. If 



i=l 



then cii = 0, for every z. 

Proof. Supposing by contradiction that some afc ^ 0, let = s* k Sk. By (2.1.v) and 
(4.6.i) we have that ^e k ( a k a k) 0, so we ma y choose a pure state </? on C*(£) such that 

Obviously ip does not vanish on the ideal n^ k (A ek ) and consequently ip is supported 
there by (5.5). In other words, G supp (</?). Since 



° = E<(^) = ^ d (E a ^)' 
i=i i=i 

we must have that Y<^^™ =1 ai5 Si j = 0. Given any u G A 6fe we obtain from (8.4) that 

n n n 

= <p((u5 ek )* (^aiSsi)* (J2 a i s si)(u6 ek )^ =<p( y ^{a i u8 Siek )*{a j u5 Sjek )). (8.8.1) 



i=l i=l z,j' = l 
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By hypothesis we have that Sj and Sj are ^4-disjoint for i ^ j. The same is therefore also 
the case for sie k and sje k , so we have by (7.5) that Lp((aiu5 Siek )*(aju5 Sjek )) = 0. This 
means that the cross terms in (8.8.1) all vanish and we are left with 

n 

^ = ^{^2{aiu5 Siek Y{a l u5 Siek )) > <p((a k u5 ak e k )*(a k u5s k e k )) = 

i=l 



= <p(u a k a k ud ek ) = <p e k k (u a k a k u) = <p ek (u a k a k u) = ^(ff e Jit a k a k u)). 

Letting u run through an approximate unit for A ek we deduce that <p{^e k ( a t a k)) = 0, m 
contradiction to the choice of <p. Therefore a k must be zero and the proof is concluded. □ 

The following is an immediate consequence: 

8.9. Corollary. The maps 

n?:A a ^C*(A), 

and 

K ed : A s - CUA), 

are injective for every s G S. 

8.10. Corollary. There are monomorphisms $ : C*{£) — > C*(A), and $ red : C*(£) — > 
C* ed (^4), such that for every e G E(S) the diagram 

C*(A) C*(£) C r * ed („4) 



A e 

commutes. 

Proof. Follows immediately from (8.9) and (4.3). □ 

Notice that in the statement of (8.10) we are denoting by the canonical maps in 
two different contexts, namely that of the Fell bundle A and that of the restricted bundle 
£. Nevertheless by this result we may view C*(£) as a subalgebra of C*(A) and, once this 
identification is made, the two meanings of tv™ are reconciled. 

In a forthcoming paper we plan to further develop the theory of cross-sectional alge- 
bras, but for the time being we present the following simple fact: 

8.11. Proposition. Any (bounded) approximate unit for C*(£) is an approximate unit 
forbothC*(A)andC* ed (A). 
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Proof. Let {u)i}i be an approximate unit for C*(S). Given s e S, it follows from [7: 1.1.4] 
that 7r" (A s ) is the closed linear span of 7r"(A s )7r"(A s )*7r"(A s ). Observing that 

n?(A a W(A a y C <..(^ M .) C C*(£), 

we see that C*(y4) equals the closed linear span of C*(£)C*(A), and therefore also of 
C*(£)C*(A)C*(£). 

Incidentally, this is to say that C*(A) is the closed two-sided ideal generated by C*(£). 
The result for C* (A) then follows easily and the case of C* ed (A) may be treated similarly. □ 
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PART TWO 

Generalized Cartan subalgebras 



9. Virtual commutants. 

Having followed the first few steps into the general theory of Fell bundles over inverse 
semigroups, we now wish to show that they appear naturally in certain situations. In fact 
we wish to show that, under suitable hypothesis, the inclusion of a closed *-subalgebra B 
of a C*-algebra A is, in all respects, the same as the inclusion 

C*{£) c CUA), 

for a Fell bundle A. For a while we will forget about Fell bundles and will concentrate 
instead on inclusion of C*-algebras satisfying, to begin with, the following: 

9.1. Standing Hypothesis. From now on we assume that A is a separable C*-algebra 
and B C A is a closed *-subalgebra containing an approximate unit {wi}i for A. 

9.2. Definition. A virtual commutant of B in A is an A-valued linear map ip defined on 
a closed two-sided ideal J of B, such that 

(i) <p(bx) = b<p(x), and 

(ii) <p(xb) = p>(x)b, 

for all x G J, and b G B. Should we want to highlight the domain of <p, we will write (J, <p) 
in place of <p. 

Notice that, under the conditions above, both J and A are B-bimodules. Thus con- 
ditions (i) and (ii) simply say that ip is a S-bimodule map. 

9.3. Proposition. Let (J, (p) be a virtual commutant of B in A. Then the range of p> is 
contained in JAJ. 

Proof. By Cohen-Hewitt's factorization Theorem [6: 32.22] any x G J may be written as 
x = yzw, with y,z,w G J. Then 

<p(x) = <p(yzw) = y<p(z)w G JAJ. □ 

9.4. Proposition. Every virtual commutant (J, ip) is bounded. 



NONCOMMUTATIVE CARTAN SUB- ALGEBRAS OF C -ALGEBRAS 



33 



Proof. Employing the closed graph Theorem, we must prove that if {^njneiN C J is such 
that x n — ■> and (p(x n ) — > a G A, then a = 0. 

Notice that, since <^(x n ) G J A, by (9.3), we have that a = lim n </?(x n ) G J A One may 
then prove that a = lim^ ma, for every (bounded) approximate unit {m}i for J. 

In order to prove that a = 0, it is therefore enough to prove that ya = 0, for every 
y G J. We have 

= lim y(p(x n ) = lim (p(yx n ) = lim ip(y)x n = ip(y) lim x n = 0. □ 

n^oo n^oo n^oo n^oo 

Here is a procedure for obtaining a fairly general example of a virtual commutant. 
Suppose that A is a closed *-subalgebra of some other C*-algebra C, that is B C A C C, 
and that r is an element of C which commutes with B. Letting J be the subset of B given 
by 

J = {be B -.rbe A}, 
it is easy to see that J is a closed two-sided ideal of B. Defining 

<f(x) = tx, V x G J, 

one then has that (J, cp) is a virtual commutant of B in A. 

The following result essentially states that the above example is the most general one. 

9.5. Theorem. Let ip be a virtual commutant of B in A. Supposing that A is faithfully- 
represented on a Hilbert space H (in which case we shall identify A with its image within 
B(H) ), there exists r G B(H) such that for every x G J, 

(i) tx G A, 

(ii) <p(x) = rx, and 

(iii) t commutes with B. 

Proof. Observe that by Cohen- Hewitt's factorization Theorem [6:32.22], every element 
£ G JH can be written as £ = xn, for x G J, and rj E H. In particular Ji7 = Jif. 

Letting {w^ji be a bounded approximate unit for J, we claim that the net {<p(m)£}i 
converges to some element in JH, for every £ G J-ff. In fact, writing £ = #77, as above, we 
have 

ip{m)i = (p(ui)xrj = (p(mx)v Vi^r]. 

That (p(x)r] lies in Jif follows from (9.3). The correspondence £ 1— > lim^ (p(m)£, therefore 
defines a bounded linear map r : Ji7 — > Ji7 such that 

t(xt)) = <p(x)rj, Wx G J, V77 G H. 

Incidentally this shows that r does not depend on the choice of the approximate unit 
above. 
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Declaring r to be zero on JH we get an extension of r to H which, by abuse of 
language, will still be denoted by r. 

We next claim that r commutes with B. Notice that since J is an ideal in B, the space 
JH is invariant under B, and clearly also under r. So, in order to prove that rb = br, for 
any given b E B, it is enough to prove that r&(£) = &r(£)> for all £ G J-ff or, equivalently, 
that 

rb(x£) = br(x£), Vi G J, V£ G if. 

We have 

rb(x^) = <p(bx)£ = bip{x)^ = br(x£). 

This proves (iii). We next prove (ii). Given ( G H, write £ = y£ + 77, with y E J, £ E H, 
and 77 G Jii"- 1 . Using the fact that r vanishes on JH^, we have 

rx(C) = rx(y£ + rj) = r(xy^) = <p(xy)£ = <p(x)y£ = <p(x)(y£ + rj) = <p(x)((), 

where the penultimate equality, namely that (f(x)rj = 0, follows from the facts that 
(p(x) E AJ : by (9.3), and that J vanishes on JH^. So (p(x) = r£, taking care of (ii), 
and hence also of (i). □ 

9.6. Definition. We shall say that B satisfies property (Max') if, for any virtual corn- 
mutant ip of B in A, one has that the range of f is contained in B. 

As usual we will use the notation B' n A to refer to the relative commutant of B in 
A, namely 

B' D A = {a E A : ab = 6a, V6 G B}. 

9.7. Proposition. If B satisfies property (Max') then B' (~) A C B. 
Proof. Let a G B' D A. Defining 

(f : x E B 1— > xa G A, 

it is easy to see that (£?, </?) is a virtual commutant. So the hypothesis implies that the 
range of cp lies in B or, equivalently, that Ba C S. Under (9.1) we deduce that a E B, 
hence proving that B' D A C B. □ 

The converse of the above theorem is not necessarily true. To describe a counter- 
example let B be a (necessarily non-unital) C*-algebra whose center reduces to {0}, such 
as the algebra of compact operators on an infinite dimensional Hilbert space. Let X be any 
compact Hausdorff topological space with more than one point such as the real interval 
[0, 1], and let us view B as the subalgebra 1®BC C(X) <g> B = C(X, B) formed by the 
constant functions. It is then easy to see that B' n C(X, B) — {0} C B, but if one chooses 
a non-constant function / G C(X), the map 

V? : b E B ^ / ® b E C(X) ® B, 

gives a virtual commutant whose range is not contained in B. 

This phenomena however does not occur in the realm of abelian algebras. 
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9.8. Proposition. Assume that B is abelian. Then B satisfies property (Max') if and 
only if B' H A C B , which incidentally is to say that B is maximal abelian. 

Proof. The implication "=>•" follows immediately from (9.7). Conversely, let (J,(p) be a 
virtual commutant of B in A. Then, for every x G J and b G B, one has that 

b(p(x) = <p(bx) = ip(xb) = <p(x)b, 

so (p(x) G B' fl A C £?, proving that £? satisfies property (Max'). □ 



10. Slices and the normalizer of B in A. 

We will now begin to study the notion of normalizer in the context of C*-algebras. This 
notion was introduced by Kumjian [10] to study abelian subalgebras and was also used by 
Renault [13]. 

In this section, as well as throughout the rest of this work, we keep (9.1) in force. 

10.1. Definition. The normalizer of B in A is the subset 

N(B) = {ae A: a*Ba C B, aBa* C B}. 

A slice is any closed linear subspace M C N(B), such that both BM and MB are contained 
in M. 

Observe that N(B) is a closed set. In addition it is closed under multiplication and 
under adjoint, but it is not necessarily closed under addition. On the other hand, by 
definition a slice is required to be closed under addition, but it is not necessarily closed 
under multiplication or adjoint. 

10.2. Proposition. Let M be a slice. Then the sets M*BM, MBM*, M*M and MM* 
are contained in B. 

Proof. Let m, n G M. Then, since M is a linear subspace we have that m + i k n G M, for 
k = 0, 1, 2, 3. Therefore, given b G B, 

1 3 

m*bn = -^2i k (m + i k n)*b(m + i k n) G B, 

fc=0 

hence M*BM C B. Applying the same reasoning to the slice M* we deduce that 
MBM* C B. 

Still assuming that m, n G M, let be as in (9.1). Then 

m*n = \imm*Win G -B, 

i 

so M*M C S, and similarly MM* CB. □ 
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10.3. Corollary. Let M be a slice. Then 

(i) MM*M C M, which is to say that M is a ternary ring of operators (cf. [17]), 

(ii) M*M and MM* (linear span of products) are two-sided self-adjoint ideals of B. 

Proof. For (i) it is enough to notice that MM*M C BM C M. Point (ii) is trivial. □ 
The following notation will be useful: 

10.4. Definition. Given a slice M we say that 

(i) the source of M, denoted S(M), is the closed two-sided ideal M*M (closed linear 
span) of B, and 

(ii) the range of M, denoted R(M), is the closed two-sided ideal MM* of B. 

10.5. Proposition. Every element a G N(B) lies in some slice. 

Proof. We claim that M := BaB (closed linear span) is a slice. It is clear that BM, MB C 
M, and in order to prove that M is contained in N(B), it is enough to notice that 
MBM* and M*BM are contained in B. Finally observe that by (9.1) one has that 
a = linij WittWi G M. □ 



11. Frames and conditional expectations. 

We will now discuss the behavior of slices under conditional expectations. We must however 
start by discussing the notion of frames, with which we begin the present section. 

We continue to work under (9.1), observing that it is only from now on that we make 
use of the separability of A. 

11.1. Proposition. Let M be a slice. Then there exists a countable family {ui}i e ^ of 
elements of M such that 

m = UiU*m, Vm G M, 

where the sum converges unconditionally. Any such family will be called a frame. 

Proof. We regard M as a right Hilbert module over B (unitization of B) under the inner 
product 

(m, n) = m*n, Vm, n G M. 

Since A is separable it follows that M is also separable and hence, by Kasparov's stabi- 
lization Theorem [9: 3.2], [7: 1.1.24], there exists a unitary operator 

U:£ 2 (B)^M®£ 2 (B). 

Let {ei}i e N be the canonical basis of £2(B) and let Ui = P(U(ei)) : where P denotes the 
orthogonal projection from M @ i 2 (B) onto M. Given any £ G £ 2 {B) it is easy to see that 
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where the sum converges unconditionally. In particular, given m G M, we have for £ = 
£/ _1 (m), that 

m = P{m) = P(U(0) = J2 P i U ^)) < e » = E «* (ei, • 
We also have that 

(e;,£> = (t/(e,),f7(0> = (U(ei),m) = (U( ei ),P(m)) = 

= (P(U(ei)),m) = (ui,m) = u*m, 
which combines with the calculation above to give the result. □ 

11.2. Proposition. Let M be a slice and let {ui} ie ^ be a frame for M. Also let T be 
the set of all finite subsets of N, ordered by inclusion and viewed as a directed set. Then 

(i) i 12ieF UiU i f JS an approximate unit for R(M), 

(ii) II Y^ieF u i u t\\ < 1> f° r every F G T. 

Proof. For every F G J 7 , let sp = J2i e F u i u h an d if G N, let Sk = S{i,2, ...,&}• Consider 
the bounded operator 

T k :m G M i-> s k m G M. 

By hypothesis we have that T k converges pointwise to the identity operator on M and 
hence {T k }k is a uniformly bounded set by the Banach-Steinhaus Theorem. By [2: 4.7] we 
have that \\sk\\ = \\Tk\\, whence 

sup ||sfc|| = sup ||Tfc|| < oo. 
k k 

Given F G J 7 , pick k G N such that F C {1,2,..., k}, and observe that 

< s F = ^2 UiU *i - ^2 UiU i = Sfc ' 

iEF i<k 

so sup ||sf|| < oo, as well. If m, n G M we have that 
fef 

lim SFfnn* = > UiU*mn* = mn*, 



so limsi?6 = 6, for every b G MM*. Since the sf are bounded, the last identity holds for 
every b in the closed linear span of MM*, thus proving (i). With respect to (ii), it follows 
from the elementary result immediately below. □ 
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11.3. Proposition. Let {vi}i be an increasing approximate identity of a C*-algebra A 
consisting of positive elements. Then \\vi\\ < 1, for all i. 

Proof. For every i < j and every selfadjoint a in A one has that 
Taking the limit on j we conclude that 

cM/ia 1 ' 2 < a. 

With a = Vi we get u 2 < Vi, so ||vj|| < 1. □ 
We now begin our study of conditional expectations. 

11.4. Proposition. Let P : A — > P be a conditional expectation, and let M be a slice. 
Then P(M) C i?(M) n S(M). 

Proof. Recall from [7: 1.1.4] that if is an approximate identity for R(M), then 

linij w^m = m, for all m G M. Therefore 

P(m) = limP(vjm) = lim VjP(m) G R(M). 

i i 

Similarly P(m*) G R(M*) = S(M), whence 

P(m) = P(m*)* G (S'(M))* = S(M). □ 

The following is a key technical result: 

11.5. Lemma. Let P : A — > S be a conditional expectation, and let M be a slice. Then 
there exists a unique central positive element r in the multiplier algebra of R(M) such 
that \\t\\ < 1, and 

rmn* = P(m)P(n*), Vm,nG M. (11.5.1) 

Moreover, if {wijieM is any frame for M, one has that r = J2ie¥S P( u i)P( u t )> ^ e ser - ! ' es 
being unconditionally convergent in the strict topology. 

Proof. Since R(M) is the closure of MM*, it is obvious that r is unique. As for existence 
let {•UijigiN be a frame for M. We claim that the series 

(H-5.2) 

converges unconditionally in the strict topology of the multiplier algebra of R(M). This 
means that the net {ri?}i? 6 jr, where T was defined in (11.2), and 

r F = J2P(ui)P(u*), VP G T , 

i€F 
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converges strictly. In turn this is to say that for every b G R(M), the nets {brp^FeT-, 
and {tf&}f6^" converge in the norm topology of R(M). We treat first the case in which 
b = mn* , with m, n G M. Given F G J 7 , we have 



Tpmn* = P(uj)P(u*)mn* = P(uj)P(u*mn*) = P{uj)u*mP{n*) 

iEF ieF 

= J2P(uiU*m)P(n*) = p(^2uiU*rn)P{n*). 



iEF 



By (11.1) we then conclude that 



lim TpmrC = P(m)P(n*) = lim mn*Tf, 

F^oo F^oo 



(11.5.3) 



where the second equality is actually a consequence of the first, by taking adjoints. To 
prove convergence in case b is not necessarily of the form mn*, it is now enough to show 
that {tf}fe^ is a bounded net, but this may be proved with the help of [14: III.3.4.iii] as 
follows: 

x ^ (11. 2. m) 

< r F = J2P(^)P(u*) < ]TP(^<) = J>,< < 1. 

iEF ieF ieF 

This shows that (11.5.2) does converge as indicated, so we let r be its sum. Obviously 
1 1 -7— 1 1 < 1. Identity (11.5.1) then follows immediately from (11.5.3), and so does the fact 
that r is central. □ 



We will soon be interested in the space r 1 / 2 M, when we will need the following two 
elementary results: 

11.6. Lemma. Let a be a positive real number. Given «,/?,£> 0, there exists a contin- 
uous scalar valued function g on [0, a] such that g(0) = 0, and 

\tP - g(t)t a \ < e, V£G[0,a]. 

Proof. If (3 > a it is enough to take g(t) = t^~ a , so we suppose that f3 < a. For every 
positive integer n, let 



9n(t) 



n a ~P +1 t , if t < i, 
tP~ a , if t > 




For t > 1/n, it is clear that t 13 = g n (t)t a , while for t < 1/n, we have 

\t p -9n(t)t a \ = \t? - n a -P +1 t a+1 \ < t 13 + n *-P+H a+1 < 2n~ /3 , 
which can be made less than e for a suitably large n. 



□ 
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11.7. Lemma. Let A be a C*-algebra and let M be a left Banach module 3 over A. Given 
a self-adjoint element h in A with \\h\\ < 1, and a > 0, one has that 

(i) WM = {me M :m = lim*^^ h x l k m\, 

(ii) If a' > 0, then WM = h a 'M, 

(iii) if m G h a M , and hPm = 0, for some (3 > 0, then m = 0. 

Proof. We begin by proving (i). For this, let m G h a M. Given e > 0, choose n G M such 
that \\m — h a n\\ < e/2. Then, for every k G N, one has that 

|| m - ^/fe m || = ||(l - h 1/k )m\\ < ||(1 - /i 1/fc )(m - /i Q ?i)|| + ||(1 - < 
< ||l - /i 1/fc ||||m - /i Q n|| + \\h a - /i Q+1 / fc ||||?i|| < 

< - + sup \t a -t a+1 / k \ llnll, 
2 o<t<i 

which can be made less than e for all sufficiently large k. Observe that we have referred 
to "1" above without having assumed that A is unital. Actually our use of "1" is just a 
calculation resource which can be avoided by expanding out all products. This shows that 

m = lim h 1/k m, (11.7.1) 

as desired. 

Let k G N be fixed. Plugging (3 = 1/k in (11.6) we obtain a continuous function g 
defined on [0, 1] such that 

Wh 1 ^ -g(h)h a \\ < e. 

Given any m G M, we then have 

\\h 1/k m- g(h)h a m\\ < - g(h)h a \\ \\m\\ <e||m||. 

Since g(h)h a m = h a g(h)m lies in h a M : and e is arbitrary, we conclude that h}l k m G h a M. 
If we assume that m satisfies (11.7.1), it then follows easily that m G h a M, and hence (i) 
is proved. 

Since the right-hand-side of (i) does not depend on a, we see that (ii) follows. 
We finally prove (iii). By the same reasoning above, given k G N and e > 0, there 
exists a continuous function g such that 

\\h 1/k m\\ = \\h 1/k m - g(h)h^m\\ < e\\m\\. 

Since e is arbitrary it follows that h l / k m = 0, and hence that m = 0, by (11.7.1). □ 

o 

This means that M is a Banach space which is also a left module over A, satisfying \\am\\ < ||a||||m||, 
for all a £ A, and m £ M. 
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11.8. Proposition. Let P : A — > B be a conditional expectation, let M be a slice, and 
let t be as in (11.5). Then the sets tR(M) and P(M) have the same closure. 

Proof. For every m,n E M we have by (11.5.1) that 

rmn* = P(m)P(n*) = P(mP(n*)) E P(M), 



so tMM* C P(M), and hence tR(M) C P(M). In order to prove the reverse inclusion 
we first claim that 



P(ui) E tR(M), (11.8.1) 

for all i, where {ui}i e ^ is any given frame for M. Fixing % E N, let a = P(ui)P(ui)* , and 
observe that a simple computation using the C*-identity 

ypiui) - P( Ui )\\ 2 = || (atpim) - P( Ui )) i^Pim) - P(ui))*\\, 



shows that 



lim o-*P(ui) = P(ui). 



Clearly a < r, so that o l < r*, for all t G (0, 1) by [12: 1.3.8], and hence 

PiUiY^PiUi) < PiUiY^PiUi) < P(Ui)*P(Ui), 

which implies that lirn P(tt i )*r t P(tti) = P(ui)*P(ui). If this time one uses the C*-identity 

yPim) - P(u t )\\ 2 = || (r*P( Ui ) - (T*P(ui) - ||, 

there should be no difficulty in proving that lim r*P(ut) = Since P(^) e R(M), 

by (11.4), we have that 

(11.7.ii) 



rPiui) E t R(M) C r*P(M) v = ; rP(M), 



from which claim (11.8.1) follows readily. Observing that tR(M) is a closed two-sided 
ideal in R(M), and hence also in B, and using (11.1), we then have for every m E M, that 

P( m ) = P(uiU*m) = P{ui)u*m E tR(M), 



proving that P(M) C tR(M), and concluding the proof. □ 



42 



R. EXEL 



Let us now briefly discuss the fact that a slice M is a left module, not only over 
R(M), but also over the multiplier algebra of the latter. We have already mentioned that 
if {vi}i is an approximate identity for R(M), then lim^m = m, for all m G M. Given 
any multiplier /j, of R(M), and m G M, observe that 

hm(fxvi)m 

i 

exists, since by Cohen-Hewitt's factorization Theorem [6: 32.22] one may write m = an, 
for some a G R(M), and n G M, in which case 

lim(/iVj)m = \im(fiVia)n = (fxa)n. 

i i 

This also shows that the correspondence 

m = an G M i — ► fim := (fia)n G M 

is well defined, thus making M a left module over the multiplier algebra of R(M). 

Regarding the element r of the multiplier algebra of R(M) produced by (11.5), we 
then have that Tin G M, for any m G M, where the meaning of rm is given by the above 
module structure. The same clearly also applies to r l / 2 m. 

11.9. Proposition. Let P : A — > B be a conditional expectation, and let M be a slice. 
Then there exists an isometric virtual commutant tp of B in A whose domain is P(M) = 
tR(M), and such that 

<p(P(m)) = T 1/2 m, Vm G M. 
Moreover the range of if is precisely r^M. 
Proof. Given m G M we have 

\\P{m)\\ 2 = \\P(m)P(m*)\\ (1 =' 1) \\rmm*\\ = \\r 1/2 mm*T 1/2 \\ = \\T 1/2 m\\ 2 . 

This said one sees that there exists an isometric linear map <p : P(M) — > M, such that 
(f[P{m)) = T X l 2 m, for every m in M, which therefore may be continuously extended to 
the closure of P(M). By abuse of language we will denoted the extended map also by (p. 
It is then clear that the range of this extended map is t x I 2 M. 

We will now prove that ip is a virtual commutant. Begining with (9.2.i), let b G B, 
and x G P(M). It is clearly enough to consider the case in which x = P(m), for some 
m G M. Write m = an, with a G R(M) and n G M as above. Picking an approximate 
unit {vi}i for R(M), we have that 

hp{x) = b(p(P{m)) = b(r 1 / 2 a)n = lirabvi(r 1 ^ 2 a)n = lim ((6fi)r 1 / 2 )an = 

= lim (T 1/2 (bvi))an = (r 1/2 (ba))n = ip(P(ban)) = ip(bP(m)) = ip(bx). 

The proof of (9.2.ii) is easier: 

ip{x)b = cp(P(m))b = (r 1/2 a)nb = Lp(P(anb)) = (p{P{m)b) = <p(xb). □ 
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12. Generalized Cartan subalgebras. 

In this section we introduce our proposed broadening of Renault's notion of Cartan subal- 
gebras and prove a result on uniqueness of conditional expectations which is a C*-algebraic 
analogue of [15: IX. 4. 3] and also a generalization of [13: 5.7]. 

12.1. Definition. Let A be a C*-algebra and let B C A be a closed *-subalgebra. We 
will say that B is a generalized Cartan subalgebra of A if 

(i) B contains an approximate unit for A, 

(ii) B satisfies property (Max'), 

(iii) N(B) generates A, and 

(iv) there exists a faithful 4 conditional expectation P : A — > B. 

Notice that N(B) is closed under multiplication and under taking adjoints, and hence 
its linear span is always a selfadjoint subalgebra of A. Thus, to say that N(B) generates 
A as a C*-algebra is the same as saying that N(B) generates A as a Banach space. 

12.2. Theorem. Let A be a separable C*-algebra, let B C A be a closed *-subalgebra 
satisfying (12.1J-H), and let M be a slice. Given a conditional expectation P from A to 
B one has that 

(i) M is invariant under P, 

(ii) M = (B n M) © (Ker(P) n M), 

(iii) if B f] M = {0}, then P(M) = {0}. 

Proof. Considering the virtual commutant <p obtained from (11.9) one has by (12.1.ii) that 
the range of ip is contained in B. By the last sentence of (11.9) we have that t x I 2 M C B, 
and hence also tM C B. So 

tMM* = MM*t = M{tM)* C MB* C M. 

Using (11.8) we then deduce that 

P{M) C PjM) = tMM* C M, 

proving (i). Since the restriction of P is an idempotent operator on M it follows that M 
is the direct sum of Ker (id — P\m) and Ker(P| M ), from where (ii) follows. Finally, (iii) is 
an immediate consequence of (ii). □ 

The following is a C*-algebraic analogue of [15: IX. 4. 3] and also a generalization of 
[13:5.7]. 



Traditionally a conditional expectation is said to be faithful if P(a*a) =0 => a = 0. However we 
may adopt a weaker form of faithfulness here by requiring only that: (V6, c P(c*ab) =0) => a = 0. 
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12.3. Theorem. Let A be a separable C*-algebra and let B C A be a closed *-subalgebra 
satisfying (12.1.i—iii). Then there exists at most one conditional expectation from A onto 
B. 

Proof. Let P and Q be conditional expectations onto B. In order to show that Q = P, it 
is enough to show that Q(a) = -P(a), for every a G N(B). Using (10.5) choose a slice M 
with a G M, and write a = a\ + a 2 , with ai G 5(1 M, and a 2 G Ker(P) fl M, according to 
(12.2.ii). Since ai G -B, we have that 

P(ai) = a x = Q(ai), 

so it suffices to prove that Q(a 2 ) =0 ( = P(a 2 )). 

Let N = Ker(P) n M, and observe that AMs a slice with B f] N = {0}. Applying 
(12.2.iii) to N and Q we see that Q(N) = {0}, so Q(a 2 ) = 0. □ 

To see the relevance of B satisfying property (Max'), as opposed to just satisfying 
B'C\A C B (compare (9.7)) in the above result, observe that in the example given after (9.7) 
one has that any element of C(X)<g>B of the form u<g>b, where u is an unimodular function, 
is in N(B), and hence N(B) generates C(X)®B. That is, B satisfies (12.1.iii). Clearly B 
also satisfies (12.1.i) and, although (12.1.ii) fails, one has that B' fl (C(X) <g> B) C B, as 
observed earlier. Nevertheless each probability measure on X would give, by integration, 
a different conditional expectation from C(X) <g> B to B. 



13. Inverse semigroups and Fell bundles from generalized Cartan subalgebras. 

This section is dedicated to constructing a Fell bundle over an inverse semigroup from 
an inclusion of C*-algebras. In the case of generalized Cartan subalgebras we will later 
show that this Fell bundle contains enough information to allow for a reconstruction of the 
inclusion. 

Our standing hypothesis here will be (9.1), namely we will assume that A is a separable 
C*-algebra and B is a closed *-subalgebra containing an approximate unit for A. This will 
allow us to use (10.2) as in the following result: 

13.1. Proposition. Let M and N be slices. Then MN (closed linear span) is a slice. 

Proof. Let x = Yli=i m i n i-> where rrii G M and rii G N . Then, for every i,j we have by 
(10.2) that 

m^n^Bnjnij C M*N*BNM C B, 

from where we deduce that x*Bx C B. Similarly xBx* C £?, so x G N(B). This shows 
that MN is contained in N(B), and hence that it is a slice. □ 

From now on we will frequently make use of sets such as MN, so we shall adopt the 
following: 
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13.2. Convention. If X and Y are linear subspaces of A we will denote by XY the 
closed linear span of the set {xy y G Y}. 

13.3. Proposition. The set &a,b = {M C A : M is a slice} is an inverse semigroup 
under the operation referred to in (13.1) (and from now on denoted simply by MN, 
according to (13.2)). 

Proof. It is evident that &a,b is an associative semigroup. Given M e &a,b we may view 
M as a left Hilbert module over R(M) by (10.3.i), so we deduce that MM*M = M by [7 
: 1.1.4], and similarly M*MM* = M*. 

Since M*M and MM* (now meaning closed linear span) are closed two-sided ideals 
in B by (10.3.ii), they commute and hence &a,b is an inverse semigroup by [11: 1.1.3]. □ 

If M is an idempotent element of &a,b, then M = M*M, so M is a closed two-sided 
ideal of B by (10.3.ii). Conversely, it is easy to see that every closed two-sided ideal of B 
is an idempotent element of &a,b- Thus 

E(&a,b) = { J ■ J is a closed two-sided ideal of B}. 

In particular B itself is an idempotent element, actually the unit of &a,b- 
The usual inverse semigroup order on &a,b is defined by 

N < M MN*N = N. 

Notice that, when N <M, one has that N = MN*N C MB C M, so iV C M. Conversely, 
if iV C M, then 

N = NN*N C MN*N C MM*N C BN C N, 
so N = MN*N . In other words we have 

N < M ^ N CM. 

In case AT(5) generates A, as in (12.1.iii), notice that by (10.5) one has that 

me&a,b 

where we use the symbol to denote the closure of the sum of a given family of subspaces 
of A. 

13.5. Proposition. Let & be any *-subsemigroup 5 of &a,b- If A = ^ Me &M, then 
B=T M e & M*M. 

5 By a *-subsemigroup of &a,b we shall mean a subsemigroup 6 C &a,b such that 6* = 6, so that 
6 is an inverse semigroup in its own right. 
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Proof. Let B' = Yl,Me& M*M, so that B' is a closed two-sided ideal of B. Also let 
A' = B'AB', so A' is a C*-subalgebra of A. For M 6 6 notice that 

M = (MM*)M(M*M) C B'MB' C A', 

so the hypothesis implies that A' = A. It is therefore clear that any bounded approximate 
unit {wi}i for B' is also an approximate unit for A. Given an arbitrary b E B, one therefore 
has that 

b = limwib E B'B C B', 

i 

so £? C Since the reverse inclusion also holds, the proof is complete. □ 

Our next result is related to one of the main hypothesis of [3: 9.9]. See also [3: 5.4]. 

13.6. Proposition. Let&beany*-subsemigroupof&A,B- Then the following are equiv- 
alent: 

(i) for every M, A E &, and every a E M fl A, there exists K E & such that a E A C 

in n, 

(ii) for every M E &, and every b E M(~)B, there exists K E & such that b E A C M DB. 

Proof, (i) (ii): Notice that M fl B is a closed two-sided ideal of B so, given b E M fl S, 
we may write 6 = b\b 2 , with &i, 6 2 e M n -B. In particular 6 e M*M. Pluging = M*M 
in (i) we deduce that there exists K E & such that 

b E K C M n M*M CMflB. 

(ii) ^> (i): Given a e M n A, one has that 

a*a G M*M n M*A CBn M*A. 

By (ii) there exists AT G 6, such that a*a G K C S n M*A, so 

aa*a G MA C MS n MM* A C M n A. 

The proof will therefore be concluded once we show that a G MA. 

Using (11.6), for every n E N, let /i n be a continuous real valued function on the 
interval [0, ||a|| 2 ] such that 

\h n (t)t - t 1/n \ <-, WtE [0, ||a|| 2 l, 
i 1 n 

so that || h n (aa*)aa* - (aa*) 1 /"- 1| < 1/n. We claim that 

lim h n (aa*)aa*a = a. 

In fact 

\\h n (aa*)aa* a — a\\ < \\h n (aa*)aa*a — (aa*) 1/,n a|| + ||(aa*) 1//n a — a|| < 



\W\ 
n 



1/2 



((aa*) 1 /^ - a) ((aa*) 1 / n a - a) 
a 'l + ||( aa *)i+2/n _ 2 (aa*) 1+1 ^ + aa*|| V2 



n 

which converges to zero as n — > oo, proving our claim. Since h n (aa*)aa*a E MK, we 
deduce that a G MA, concluding the proof. □ 
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13.7. Definition. Let & be a *-subsemigroup of &a,b- We will say that & is an admis- 
sible semigroup for the C*-algebra inclusion U A C B" if 

(i) A = E Me 6 M > and 

(ii) & satisfies the equivalent conditions of (13.6). 

If N(B) generates A, we have seen that (13.4) holds. Moreover &a,b is clearly closed 
under intersections, and hence &a,b satisfies (13. 6. i). In other words, &a,b is an admissible 
semigroup. It is however likely to be very big, perhaps even uncountable, so one might 
wonder whether a countable admissible semigroup exists. 

13.8. Proposition. If (A, B) is a generalized Cartan pair with separable A, then there 
exists a countable admissible semigroup. 

Proof. If A is separable then so is N(B), hence we may choose a countable dense subset 
{a n : n G N} of N(B). Using (10.5), for each n G N pick a slice M n containing a n . The 
smallest *-subsemigroup of &a,b closed under pairwise intersections, and containing all of 
the M n satisfies the conditions in the statement. □ 



14. Fell bundle models for generalized Cartan subalgebras. 

In this section we present our main result giving a sufficient condition for an inclusion of 
C*-algebras to be modeled by the monomorphism $ red : C*{£) — > C* ed (A) of (8.10). 

Throughout this section we let A be a separable C*-algebra and B be a generalized 
Cartan subalgebra of A. We will also fix any admissible semigroup & C &a,b- Observe 
that a countable such & exists by (13.8). 

We thus get a Fell bundle A over (5 by setting Am = M, for every M G 6. As 
in section (7) we let £ denote the restriction of A to the idempotent semilattice E{&). 
Observe that, if for each J G E(&) we consider the inclusion mapping 

ij:J^B, 

then i = {lj} j e E(&) is a representation of S in B satisfying the hypothesis of (4.3). Since 
coincides with B by (13.5) we deduce that C*(£) is isomorphic to B. We shell 
henceforth identify C*(£) and B, observing that the identification puts in correspondence 
the canonical mappings 

n u j ~ lj. (14.1) 

Turning our attention to A let us extend the above representation t to the whole of 
A by considering the inclusion mappings 

i M : M ^ A, (14.2) 

for each M G A. It is then evident that t = {^m}me& * s a representation of & in A. Let 



$ : C(A) -> A 



(14.3) 



48 



R. EXEL 



be the *-homomorphism associated to 6, as in (3.7). By (3.10) one has that $ vanishes on 

N. 

We next want to give an explicit description of the state (p on C(A) obtained from 
(7.4) for each given pure state (p on C*{£). 

14.4. Proposition. Let (p be a pure state on B = C*(£) and let <p> be the state on C(A) 
given by (7.4) in terms of (p. Then 

(p = (p O P o <£>. 

Proof. It is clearly enough to verify that 

^{aM^M) = <P> ° P ° $(a M ^M), (14.4.1) 
for all M G 6, and every om G M. 

Case 1: Assume that om £ Ker(P) fl M. The right-hand-side of (14.4.1) then becomes 

(poPo §(a M 5 M ) = <p(P(a M )) = 0. 

Using the description of (p given in (7.4. i) suppose first that that there exists J G supp(</?) 
with J < M. Then the left-hand-side of (14.4.1) becomes 

(p{a M ^M) = <pf{a M ) (6=1) lim.(p(a M Wi), (14.4.2) 

i 

where {wi}i is any approximate identity for J. Notice however that since J < M, we have 
that MJ = J, so a M Wi E MJ = J C B. Thus 

a M ^i = P(aMWi) = P{a M )wi = 0, 

so (14.4.2) vanishes. 

Suppose next that that there exists no J G supp(</?) with J < M. Then <^(om^m) = 0, 
by the second clause of (7.4. i), and hence (14.4.1) is proved under our first case. 

Case 2: Assuming that o>m G B n M, the right-hand-side of (14.4.1) becomes 

(poPo $(a M 5 M ) = ip(P{a M )) = ^p{a M )- 

Recall that & is an admissible semigroup and hence that (13.6.ii) holds. Therefore there 
exists J G 6 such that om G J C M fl S. Since JCBwe see that J is in E(&), and since 
J C M we have that J < M. Therefore clm^m = «m^j, modulo A/", and since <^ vanishes 
on A/" by (7.4.iv), the left-hand-side of (14.4.1) becomes 

^(flM^M) = ip(a M Sj) (7 = n) ^(7r}(a M )) (1 = 1} <p(a M ), 

hence (14.4.1) is proved under case 2. 

In view of (12.2.H) we see that the general case of (14.4.1) follows from the two cases 
already treated and the proof is then complete. □ 
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We now come to our main result: 

14.5. Theorem. Let A be a separable C*-algebra and let B be a generalized Cartan 
subalgebra of A. Choose any admissible subsemigroup & of &a,b, such as given by (13.8), 
and consider the Fell bundle A over & given by Am = M, for every M e &. Then A is 
isomorphic to C* ed (A) via an isomorphism \1/ : C* ed (A) — > A such that 

^o7r^ d (m) = m, VM e 6, Vm£ M. 

In addition \I/(C*(£)) = B, where £ is the restriction of A to the idempotent semilattice 
of 6. 

Proof. Let $ : C(A) -> A be as in (14.3). We first claim that 

\\$(x)\\ = \\\x\l VxeC(A), (14.5.1) 

where ||| • ||| was defined in (8.5). With this goal in mind let ip be any pure state on B and 
consider the state ip = (p o P on A. Also let (II,/,, H^, ^) be the GNS representation of A 
associated to ip. Consider the map 

u -.xe C(A) n^($(x))^ e #v 

For x,y £ C(A) we have 

(tf(s),C%)> = <II^($(x))^,n^($(y))^) = <n^($(y*x))^,^> = 

= ip($(y*x)) = ip o P o $(y*x) (1 = 4) <p(y*x), 
where is the extension of <p to £(»4) provided by (7.4). This says that 

(U(x),U(y)} = (x,y}~, 

where (•, •) - was defined in (8.1). The map U thus defines an isometry (also denoted U by 
abuse of language) 

U : H(p — > H^, 

such that U(x) = n^,($(x))^, for every x G C(A). By (13. 7. i) we have that $ has dense 
image and since 11^ is cyclic we deduce that U is in fact a unitary operator. We next claim 
that the diagram 

C(A) 
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commutes. Proving this amounts to checking that 

U^(x))U\y = UT^(x)\y, Vx,ye C(A). 

We have 

Il^(x))U\ y = U^(^(x))ll^(y))^ = U^(^(xy))^ = U(xy) = UT^x)\ y . 

This shows that our diagram indeed commutes and hence we deduce that, for every x G 
C(A), 

\\\x\\\ = sup ||T^(x)|| = sup ||n^($(x))|| = sup ||n ¥ , oP ($(x)) ||, 

ip ip if 

where (p runs in the set of all pure states of B. To prove (14.5.1) it now suffices to prove 
that 

sup ||n^ p(a))|| = ||a||, Mae A, 

<p 

which is in turn equivalent to proving that ® II^p is a faithful representation of A. 

If a G A is nonzero then there are 6, c G A such that P(c*ab) ^ (see the footnote in 
Definition (12.1)), and hence </?(P(c*a6)) 7^ 0, for some pure state <p on B, which implies 
that U ipo p(a) 7^ 0. This proves the faithfulness of ®^ II^p, and hence concludes the proof 
of (14.5.1). 

It is now clear the the correspondence 

^ d (*) e CUA) — *(x) e A 

is well defined and extends to an isomorphism \1/ : C* ed (A) — > A, satisfying \1/ o i v J^ = $. 
That \1/ is onto follows from the already mentioned fact that the range of $ is dense in A. 
Given M G © we have that 

* o 7r^ d ( = ) q> o ^ d o n° M = $ o n° M = i M . 

This is to say that the identity displayed in the statement holds. 

Viewing C*{£) as a subalgebra of C* ed (A) according to (8.10), we have that C*(£) = 
J2jee(6) 7r j d (^)' so we deduce that 

9(C*{E))= £ *(^ d(J))= £ j^R □ 
JeE{&) JeE{&) 
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